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Abstract 

We examine effects of final state interactions (FSI) in kaon decays using a new scheme without 
the Omnes function, and show that while AI — 1/2 rule is impossible to be explained in terms of 
FSI alone, e'/e ~ 16.5 x 10"** is obtained through FSI, if the calculation is concerned only with the 
CP- violating parts. The tttt contribution to the rriL — rris mass difference is shown to be about 14%, 
if the sizes of the CP conserving amplitudes \Aq\ and |j42| are correctly given. 
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It seems that the estabhshed theory to explain simultaneously both of the A/ =1/2 rule and the 
large e'/e ratio in kaon decays has not yet been obtained PEIEI- In order to take a step toward resolving 
the issues much efforts have been made on the evaluation of hadronic matrix elements of quark operators 
01 El in] • Among them it is advocated that taking account of final state interactions (FSI) is crucial to 
enhance or suppress the decay amplitudes besides giving the strong phases |3 El El HOI ■ The final state 
interactions (FSI) in the kaon decays are usually described in terms of the Omnes function as seen in 
Refs.|12l[7ll5lP . The FSI effect written in terms of the Omnes function is, however, involved with some 
ambiguities, inherent in dispersion integrals, coming from the dependence on a subtraction, a cutoff and 
a multiplicative arbitrary polynomial function [131 1141 0], We propose, therefore, a new scheme in this 
note, which makes the decay amplitude satisfy the final state interaction theorem without any dispersion 
relations. 

In order to evaluate our scheme of FSI, we briefly see FSI in production processes of S'-wave dipion 
states such as 7 + 7 — » tttt, (jj ~> 77r7r, cascade decays of heavy quarkonia and others. Let us consider a 
production amplitude of an S'-wave dipion state with a mass -^/s, called an /-state: It is composed of a 
direct production term of the /-state given by tree diagrams, which we call the Born term and denote by 
Bf, and an indirect production term, in which at first an ?-state, denoted by Bi, is directly produced and 
then transformed into the final /-state through the s-channel loop and the S'-wave scattering amplitude 
Tif. The loop integral should be properly regularized, and it may, then, depend on the renormalization 
scale parameter or a cutoff parameter. We can write the production amplitude, Ff{s) as 



where Gi{s) is the loop integral composed of the meson propagators in the z-th channel, whose imaginary 
part (discontinuity along the physical cut) is given as 



where pi — pi/(87ry^) with pi (si) being the CM momentum (threshold energy squared) of the i-th 
channel. We can easily see that the above production amplitudes satisfy the final state interaction 
theorem. 
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owing to Eq.(|2Jl, where we define the sign and normalizaton of Ty so as to satisfy ImTy = ^'^ikPkTkj ■ 
We have found it very effective to use this scheme as shown in Refs. |15[ 1161 1171 118L 119) . If the Born term 
contains two vertices, the loop diagram is a triangle, the third vertex of which is the starting vertex of 
S'-wave Tif scattering. The triangle loop integrals are used in the two-photon collision processes |15| . 
and the radiative cj) meson decay [201 1^- In the case that the Born term is made of a single vertex, 
G(s) is a two-point loop integral. If the off-shell momentum dependence of the Born term is rewritten as 
the on-shell part and the remaining off-shell part having a form of — m? , the off-shell factor — m? 
cancels one of the propagators, and the divergence is absorbed into counter terms in the Lagrangian 
with higher chiral order. The on-shell part is written as a factorized form of the Born term and the 
chiral loop integral such as Gi{s) = Bi{s) ■ Ji{s) as seen in ChPT and in weak ChPT. Here Ji{s) is the 
renormalization scale dependent chiral loop integral '22|, and ImJi(s) = —pi{s)6(s — Si). The scheme 
respects s-channel unitarity over the left-hand contributions, and this is shown to be rather valid in low 
energy dimeson scattering below 1 GeV or more [231 124L 1^ 125) . Vector or heavy mesons are allowed to 
be exchanged in the loop, but we discard them at all, because their contributions are not significant for 
low mass dimeson states. This scheme has some advantages over the scheme using the Omnes function; 
our scheme is applicable to inelastic multichannel reactions, it does not use dispersion integrals over the 
whole range of the physical cut, and then it is free of the ambiguities coming from the subtraction and 
from asymptotic behaviors of the integrands, though it depends on the logarithm of the renormalization 
scale v. Thus, probably this scheme is also useful for the K tttt decays. 

In order to incorporate the above scheme into the kaon decay amplitudes, we have to know the Born 
amplitudes, where the decay vertex is regarded as a point, and does not have any discontinuities along 
the physical cut, s > 4m J. As Bj we take the real amplitude for (tttt)/ given as [271 128j 



Bo ^^"'^k:.^ 



—zi + 2z2 + 3z4 + 3z6 — 
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52 = ^V^dV:,^[z, + Z2], (5) 



where we take the large Nc limit for < Qi >i and 



X = V2U{ml-ml) Fg" = -4n/2(/k - /.) f ] 

\ms + muj 
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For the Wilson coefficients z^'s we take the values of the leading order (LO) approximation obtained in 



Ref. Ei at /i = 1 GeV with Al-L = 435 MeV as 



which give 



(4)_ 
MS 

{zi, Z2, Z4, ze) = (-0.901, 1.541, -.016, -0.018), (7) 



9.33x10-8 GeV -I- m = 175 MeV, 
Bo = { 9.61 X 10-** GeV m,+m = 150 MeV, (8) 
10.33 X 10-8 GeV + m = 120 MeV, 

B2 = 1.94 X lO-^GcV. (9) 

The amplitudes of 0{Gfp'^) include one-loop contributions, which is of 0{N^^). The s-channel pion 
loop term is written 

T'i'\s) ■ J^^{s) ■ Bi{s) (10) 

evaluated at s = [3 1201 j where xf^ denotes the 0{jP) amplitude for S'-wave tttt — > tttt scattering 
with the isospin /. This structure is the same as we encounter in the strong ChPT amplitudes, and 
implies that the off-shell momentum dependence of X is the same as described above.. Thus, we rewrite 
the decay amplitudes as 

Aie^'' = Bj[l + J.As)Tris)]l^^. , (11) 
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where we replace T^^^ by the full tttt scattering amplitude , which can be calculated through a unitarized 
ChPT. Higher order corrections should be added to Bj, except for the s-channel loop terms, but Bj is 
left unchanged here in order to know the pure FSI effect. This means that we include higher order terms 
specially in the s-channel in order for the amplitudes to satisfy exact unitarity on the elastic physical cut. 
The factor, 
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Figure 1: Energy dependence of i?o(Vs) (left) and i?2(Vs) (right). The solid lines are for the absolute 
values, and the dotted (dashed) lines for the real (imaginary) parts. The vertical lines indicate the point 
at = rriK- 

Ri{s) = 1 + J.As)Ti{s) = \Ri{s)W''^'\ (12) 

gives the whole effect of FSI coming from the strong tttt interaction, which is shown in Fig. 1. Using the 
scattering amplitudes calculated in terms of a unitarized ChPT |26j . we have 

|i?o(m^)| = 1.506 and \R2{m]i)\ = 0.836, (13) 
5o(m^) = 41.5° and 62{m\) = -7.76°, (14) 

where the renormalization scale parameter of the tttt interaction is taken to be = 1 GeV. We note 
that recent ChPT with dispersion relations gives 5Q{m\) — 52{m\) — 47.7° ± 1.5° We do not take 
into account of KK and 7777 channels, because their effects are very small; for example, adding the KK 
loop integral J KK{^)T^KK^Tn!{^) gives only 0.05 at s = rn\. We also note that it is shown that the 
contributions from the u- and i-channel loop diagrams are small |14j . 

Thus, we obtain the values of the PC-conserving amplitudes except for the strong phase exp[ii5o] and 
exp[i(52] as 

Ao = (14.06, 14.48, 15.56) x 10"® GeV, and A2 = 1.62 x 10"® GeV, (15) 

where three values of Aq correspond to the values of to^ -f m at 175 MeV, 150 MeV and 120 MeV, 
respectively. The size of Aq is merely about a half of the experimental value 33.3 x 10"® GeV, while the 
size of A2 is rather close to the experimental value A2 = 1.50 x 10~® GeV. The ratio w"^ = Aq/A2 is 

= 8.68, 8.94, 9.60 (16) 

depending on the value of -t- to, respectively, which is smaller than a half of the observed value 22.1. 
Since the enhancement factor by FSI would be almost the maximum, it is insufficient to explain the 
A/ =1/2 rule in terms of the FSI effects alone and then we have to search for higher order contributions 
or more fundamental mechanism to enlarge Bq about twice. 

The values of the enhancement of FSI are very similar to those obtained in Ref . |S] , where the once- 
subtracted Omnes function is used with the parameter set, the subtraction point sq = and the cutoff 
energy squared z = (1.6 GeV)^ of the dispersion integral. The dispersion integrals seem to be sensitive 
to these parameters, however. 

Next, we consider the FSI effect on the e'/e value. The ratio e'/e is given as 

e ^/2\e\ 



ITCLA2 Im^o 
ReA2 RcAq 



(17) 
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where $ = 11/2 — 50 + 52 — 0^ w 0, where Aje'^' denotes here the fuU ampHtude involving the CP- 
violating part. Usually, the CP conserving amplitudes, Re^2 and Re^Oj their ratio uj and |e| are set to 
their experimental values, and the theoretical calculation is focused on the evaluation of the CP-violating 
amplitudes, Im^/'s. The ratio is estimated through the formula [32] 



13 ImAt 



B^Q^'^\l-niB) -OAB^^^^^^ (18) 



at m,{mc) = 130 MeV, mt(mf) = 165 GeV, = 340 MeV and IniAt = 1.33 x lO^"*. Taking both 

(1/2) (3/2) 

parameters Bg and B^ to be 1 at the large Nc limit and Hjb — 0.25 in the lowest order estimate 
[331, we have e'/e « 6 x lO"". 

The FSI effects modify these values to B^^/^^|i?o| = 1.506, B(3/2)|i?2| = 0.836 and B^^/^^r2/B|i?2| = 
0.209, since the last term is proportional to ImA2 |S|, and then the value of the square brackets in Ea. p8|l 
is 0.963, that is larger by a factor of 2.75 than the value at the large Nc limit. Thus, we have 

- w 16.5 X 10""*. (19) 
e 

This enhanced ratio is almost the same as the values obtained in Refs. [3 ISJ |H1 El El • If higher order 
corrections except for the s-channel loops are taken into the calculation of Bq and Bg, we would have a 
larger value of e'/e. 

If we do not distinguish the physics underlying the CP-violating part from that of the CP-conserving 
part, both numerator and denominator of the first and of the second term in the square brackets of 
Ea. ((T7|l are multiphed by the same factor, |i?2| and |i?o|, respectively, and then the effect of FSI does 
not work at all. The parameter e is also independent of FSI, but uj is suppressed.. In this case it is also 
impossible to understand the large size of the direct CP violation in terms of the FSI effects. 

We discuss last the tttt contributions to the — Ks mass difference Am = tol — mg. It is said that 
the short distance component dominates the mass difference through the effective A5' = 2 Hamiltonian 
ElEll. According to them typically 70% of Am can be described by the short distance contribution, 
and the remaining of ^ 30% in Am is attributed to the long distance component. Our interest is in the 
estimate of the tttt contribution to the mass difference. Pennington calculated this by using the once- 
subtracted dispersion relation with the experimental tttt S-wave phase shift, and obtained Am/Fs = 
0.22 ± 0.03 [321, where Ts is the total Ks decay width and the experimental value is 7.36 x 10~^^ GeV. 

We apply our scheme to the self-energy with AS* = 2, and consider the following analytic function 
except for the physical cut; 

E(s) = -2 ^ Bi{s) [.h^{s) + J^^{s)Ti{s),h^{s)] Bi{s), (20) 



1=0.2 



which gives 
Indeed, we have 



E(m^) — 2mxAm -I- imj^Fs. (21) 



ImI](miO = P.A'^Al + 2Al]\. = m^Fg, (22) 



where Ai denotes the CP-conserving amplitude defined in Ea. (|ll|l . We see that the energy dependence 
of ImE(s) is almost the same below 1 GeV as the one by Pennington, where m\ in X of Bi is replaced 
by s. The numerical value of I](m^) gives the ratio of AmTrir to Fg as 

RcE A_m^ ^ ^^^^ ^ ^^^^^ ^23) 



2ImE 



for rUs + rUu = 120 and 175 MeV, respectively. We note that if we modify the sizes of Aq and A2 so as 
to reproduce the experimental ones, the above ratio does not change, but we have Am7r7r/Am°''P = 0.14, 
which should be compared with the value obtained by Pennington, Am7r7r/Am°'^P — 0.46. 
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Figure 2: Energy dependence of ImS(-\/s)/ImS(TO;^). The solid (dotted, dashed) hne is for mg + niu = 
120 (150, 175) MeV. 



It should be noticed that the enhancement by Rq near the kaon mass is not due to the a resonance, 
but due to the whole rescattering dynamics without the pre-existing a pole [HZ]. The effects expected 
by introducing the a pole through the linear a model (38; or the nonlinear a model |28| can be replaced 
by the FSI effects without the degrees of freedom of the genuine a resonance. This replacement resolves 
a problem between the final state phase exp[i(5o] and the width ignored in the a propagator |38| . and 
does the difficulty that the a pole dominance may give a too large contribution to the K]^ — Kg mass 
difference |^ . 

The scheme for the FSI effects explained in this note is useful in the sense that it is less worried by 
the ambiguities concerning with the dispersion integrals. We have shown in this note that FSI alone is 
impossible to reproduce the expected size of Aq, but it naturally gives a large e'/e ratio, if we have a 
sufficient size of \Aq\. It turns out that the two-pion contribution to the — mg mass difference is 
about 14 % under the condition that the size of is sufficient. Thus, the crucial point for the Kg — > tttt 
decay is how to obtain Bq ^ 22^^ 10^^ GeV. 
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